Abstract-Generalized frequency division multiplexing (GFDM) is considered to be a promising waveform candidate for 5G new radio. It features good properties such as low out-of-band (OOB) radiation. One major drawback of GFDM known in the literature is that a zero-forcing receiver suffers from the noise enhancement effect since the GFDM (transmitter) matrix in general has a greater-than-unity condition number. In this paper, we propose a new matrix-based characterization of GFDM matrices, as opposed to traditional vector-based characterization with prototype filters. The characterization is helpful in deriving properties of GFDM matrices, including conditions on GFDM matrices being nonsingular and unitary, respectively. Further, the condition on the existence of a form of low-complexity MMSE receivers is also derived. It is found that such a receiver under frequency-selective channels exists if and only if the GFDM transmitter matrix is chosen to be unitary. For non-unitary transmitter matrices, a low-complexity suboptimal MMSE receiver is proposed with a performance very close to that of an MMSE receiver. Besides, optimal prototype filters in terms of minimizing receiver mean square error (MSE) are derived and found to correspond to the use of unitary GFDM matrices under many scenarios. These optimal filters can be applied in GFDM systems without causing the problem of noise enhancement, thereby having the same MSE performance as OFDM. Furthermore, we find that GFDM matrices with a size of power of two do exist in the class of unitary GFDM matrices. Finally, while the OOB radiation performance of systems using a unitary GFDM matrix is not optimal in general, it is shown that the OOB radiation can be satisfactorily low if the parameters are carefully chosen.
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I. INTRODUCTION
F OR the past two decades, orthogonal frequency division multiplexing (OFDM) [1] has been extensively deployed for broadband communications due to its low complexity and suitability in time-invariant frequency-selective channels. However, OFDM does not meet some requirements of 5G networks, e.g., low out-of-band (OOB) radiation.
Generalized frequency division multiplexing (GFDM) [2] is a candidate with proposed advantages including low OOB radiation, relaxed requirements of time and frequency synchronization, and flexible time-frequency structures to adapt to various application scenarios [3] . GFDM is a block-based multicarrier transmission scheme. Instead of the rectangular pulses used in OFDM, prototype transmit filters [3] with better frequency localization can be used in GFDM, leading to a lower OOB radiation.
In spite of the advantages mentioned above, there are some drawbacks for GFDM, which arise from the non-orthogonality [4] of the system due to the use of prototype filters. We address two specific drawbacks, namely, the difficulty on designing low-complexity transceivers, and performance degradation in receiver mean square error (MSE) and symbol errro rate (SER) compared to OFDM. The seriousness of the latter drawback is found to depend heavily on the choice of the prototype transmit filters [4] .
For GFDM systems with the matched filter (MF) receiver [3] , [5] , inter-carrier interference (ICI) and inter-symbol interference (ISI) exist. To cancel ICI and ISI, successive interference cancellation (SIC) receivers are employed [2] , [3] , [6] . However, SIC receivers suffer from long processing delay and high computational complexity [3] . The zero-forcing (ZF) and linear minimum mean square error (MMSE) receivers [3] , [5] can also mitigate ICI and ISI, and are the receivers we focus on in this paper. While the ZF receiver is known to have low-complexity implementation under either additive white Gaussian noise (AWGN) or frequency-selective channels, low complexity implementation for the MMSE receiver, to the authors' best knowledge, is known only for the AWGN channels (see recent references [7] , [8] ). In this paper, we will study the feasibility of low-complexity MMSE receivers in presence of frequency-selective channels.
On the other hand, we will also study the impact of GFDM prototype transmit filters on MSE and SER performance. In the literature [3] - [5] , [7] - [33] , many prototype filters, including the RC, RRC, Xia, Dirichlet and Gaussian pulses, have been proposed and used for GFDM systems. These prototype filters are mostly designed with the mindset to reduce out-of-band radiation of the transmitted signals except that the Dirichlet pulse is claimed to be rate-optimal under the ZF or MMSE receiver over the AWGN channel [27] . Unfortunately, GFDM systems using all these filters are mostly non-orthogonal (except the Dirichlet pulse) [4] . In other words, the corresponding GFDM transmitter matrices [3] have a greater-than-unity condition number in general. This makes the noise enhancement effect [5] , [10] , [27] a commonly-known drawback, and GFDM systems using these filters suffer from degradation of MSE and SER performance compared to OFDM counterparts.
The main contribution of this paper involves three parts: 1) New matrix characterization of GFDM transceivers: The modulation process in a GFDM transmitter can be performed by multiplying the data vector with a matrix with a special structure, called a GFDM matrix. A GFDM matrix is commonly characterized by its first column, usually referred to as the prototype filter [3] . In some other references, e.g., [7] , [34] , a GFDM matrix is characterized by the frequency-domain prototype filter, i.e., discrete Fourier transform (DFT) of the prototype filter, which leads to some advanced implementation of GFDM transceivers. In this paper, we proposed yet another way to characterize a GFDM matrix, that is, to use a K × M matrix. Based on this new characterization, we study several properties of GFDM matrices, and find that the conditions for some properties of a GFDM matrix (e.g., non-singularity, unitary property, etc.) can be expressed very clearly with the new characterization parameters. Although some of these properties have been studied before [5] using theories of Gabor frames and discrete Zak transforms (DZT), the new characterization involves only basic linear algebra and discrete Fourier transform (DFT) and makes these useful results more accessible to general readers. The new matrix characterization also leads to low complexity transmitter implementations and lays the foundation for the other two contributions described below.
2) Low-complexity MMSE receivers under frequencyselective channels: In this paper, we first derive the conditions on the existence of a form of low-complexity MMSE receivers, and find that such a low-complexity MMSE receiver exists if and only if the GFDM transmitter matrix is chosen to be unitary or the channel is AWGN. The corresponding implementation of MMSE receiver is described. Further, when the condition is not satisfied, we also propose a low-complexity suboptimal MMSE receiver whose performance is very close to that of an MMSE receiver. This makes GFDM transceivers very practical even in frequency-selective channels.
3) Optimal prototype transmit filters in receiver MSE: As described earlier, GFDM suffers from MSE or SER performance degradation compared to OFDM when the prototype filters are not carefully chosen. We study in this paper the optimal prototype transmit filters in terms of minimizing receiver MSE with both ZF and MMSE receivers, under the AWGN channel as well as static and statistical linear timeinvariant channels. We find that the optimal GFDM matrices under most of these scenarios turn out to be unitary GFDM transmitter matrices. Even though unitary GFDM matrices do not usually exhibit lower OOB radiation than those using other GFDM prototype filters (e.g., the RC and RRC pulses), we identify a few special cases of unitary GFDM matrices that achieve sufficiently good OOB radiation performance to be used in practical applications.
The remainder of this paper is structured as follows. In Section II, the system model of GFDM is presented, along with the new matrix characterization. We also derive some properties of GFDM matrices, identify the class of unitary GFDM matrices, and present low-complexity transmitter implementation. In Section III, we propose low-complexity ZF and MMSE receiver implementation under both the AWGN and frequency-selective channels. In Section IV, optimal prototype transmit filters in terms of minimizing receiver MSE are derived, and we give some specific examples. In Section V, we derive the analytical expression of power spectral density (PSD) and define the OOB leakage as a performance measure for the OOB radiation. Simulation results are shown in Section VI. Finally, a conclusion is provided in Section VII.
Notations: We use · M , (·) * , (·) T and (·) H to denote modulo M , complex conjugate, transpose, conjugate transpose, respectively. We also use (·) −H to denote ((·) −1 ) H . Given a matrix A, we denote by [A] m,n , A F , vec(A) and diag(A) its (m, n)th entry (zero-based indexing), Frobenius norm, column-wise vectorization and the vector of the main diagonal elements of A, respectively. For any matrices A and B, A ⊗ B denotes their Kronecker product, and A • B their Hadamard product. Given a vector u, we use [u] n to denote the nth component of u, u the L2-norm of u, diag(u) the diagonal matrix containing u on its diagonal, and Ψ(u) the circulant matrix whose first column is u. We define I p to be the p × p identity matrix, 1 p the p × 1 vector of ones, W p the normalized p-point DFT matrix with [W p ] m,n = e −j2πmn/p / √ p for any positive integer p, and δ kl the Kronecker delta. We use ∠C to denote the phase φ ∈ (−π, π] of a nonzero complex number C, and ∠A the matrix such that [∠A] m,n = ∠[A] m,n for each entry. Finally, we use E{·} to denote the expectation operator.
II. CHARACTERIZATION AND IMPLEMENTATION OF GFDM SYSTEMS GFDM is a block-based communication scheme [3] , [5] , with the block diagram as shown in Fig. 1 . In a GFDM block, M complex-valued subsymbols are transmitted on each of the K subcarriers, so a total of D = KM data symbols are transmitted. The vector s[l] contains symbols taking values from {0, 1, . . . , N − 1}, where l is the block index and N the constellation size. Then s[l] is mapped into d[l] by a symbol mapper using a complex constellation.
is the data symbol on the kth subcarrier and mth subsymbol. Assume the data symbols are zero-mean and independent and identically distributed (i.i.d.) with symbol energy E S , i.e.,
is pulse-shaped by the vector g k,m whose nth entry is
where g is a D × 1 vector, referred to as the "prototype transmit filter" [3] . Let
T be the vector containing the transmit samples. Then the GFDM modulator can be formulated as the transmitter matrix [3] 
such that
A. Characterization of GFDM matrices: Basic Definitions
In the literature, a GFDM transmitter matrix is often characterized by the prototype transmit filter g. Alternatively, in some other works [7] , [27] , [34] , the GFDM matrix is parametrized by the frequency-domain prototype transmit filter
e., the D-point DFT of g. In this paper, we propose yet another way of characterizing a GFDM transmitter matrix, namely, the characteristic matrix of size K × M . We will show that such a new characterization is useful in understanding some important properties of GFDM transmitter matrices not easily derived in terms of the characterization of traditional time-domain or frequency-domain prototype filter. The new characterization also leads to transmitter and MMSE receiver implementation with complexity O(KM log KM ), as low as conventional OFDM systems. A formal definition of this characterization of a GFDM transmitter matrix, which we will call a GFDM matrix, is given below.
j2πkl/K , and
characteristic matrix of the GFDM matrix A. Moreover, the phase-shifted characteristic matrixḠ of a GFDM matrix is defined as a K × M matrix whose (k, m)-entry is
The following lemma shows the equivalence of the definitions of a GFDM matrix and the transmitter matrix in (2) , and suggests that a GFDM transmitter matrix is completely determined by either of the characteristic matrix G, the prototype filter g, or the frequency-domain prototype filter g f .
Lemma 1: Let A be a GFDM matrix with a K × M characteristic matrix G and a K × M phase-shifted characteristic matrixḠ, and D = KM . Then (a) A is a GFDM transmitter matrix of the form in (2) generated by the prototype transmit filter
(b) A is a GFDM transmitter matrix of the form in (2) such that the frequency-domain prototype transmit filter is
A is a GFDM transmitter matrix generated by the prototype transmit filter g such that
which leads to (6) .
Lemma 1(a) indicates the one-to-one correspondence between G and g. In fact, G is equivalent to the DZT of g up to a scale factor:
denotes the discrete Zak transform as defined in [5] . Meanwhile, Lemma 1(b) indicates the one-to-one correspondence between G and g f . These relations will be useful in further developments in this paper later.
To characterize the energy of the prototype filter g in terms of the characteristic matrix, we define energy for a GFDM matrix A.
The following lemma shows that the energy of A is simply the energy of g.
Lemma 2: Let A be a GFDM matrix with a K × M characteristic matrix G, energy ξ G and its first column g. Then ξ G = g 2 . Proof: The proof is trivial in view of Lemma 1(a), Definition 2 and Parseval's theorem.
We will show that it is convenient to characterize the noise enhancement effect of the GFDM receiver in terms of energy of GFDM matrices.
B. GFDM Transmitter Implementations
As presented earlier, after constellation mapping, the transmitter simply modulates the data symbol vector by
Then x[l] is passed through a parallel-to-serial (P/S) converter, and a cyclic prefix (CP) of length L is added just before transmitting. Denote K and M as the set of subcarriers and the set of subsymbols, respectively, that are actually used. The digital baseband transmit signal of GFDM can then be expressed as
x 0 x 1 where D = D + L and
In most part of this paper, we will omit the block index "[l]" for notational brevity.
There are three types of implementation for the transmitter matrix A: direct implementation, frequency-domain implementation, and the proposed characteristic-matrix-domain implementation. We propose two forms of the characteristicmatrix-domain implementation, both having the lowest complexity, O(KM log KM ), among the three types of implementation.
1) Direct Implementation: Directly implement the matrix multiplication in (8) [3] . The complexity is O(K 2 M 2 ). 2) Frequency-Domain Implementation: In the literature, frequency-domain implementation [7] , [34] is proposed to lower the complexity. The transmit signal is produced according to
where
, where L T ≤ K is the number of subcarriers spanned by the prototype transmit filter, i.e., g f has only L T M nonzero entries. When the frequency response of the prototype filter is sparse, i.e., L T K, the complexity is much lowered compared to the direct implementation.
3) Characteristic-Matrix-Domain Implementation: Using Definition 1, we can derive that
This result is a simplified form of the decomposition proposed in [35] . Based on (12), a transmitter implementation is shown in Fig. 2 , which we call Form-1 implementation. The complexity is O(KM log KM ).
An alternative form of the transmitter matrix that exploits the phase-shifted characteristic matrixḠ is formulated as
Fig . 3 . Characteristic-matrix-domain Form-2 implementation of the transmitter.
where P is a D×D permutation matrix whose pth row is given by the ( p M K + p/M )th row of I D . (13) corresponds to the implementation shown in Fig. 3 , which we call Form-2 implementation. Though the same in the big-O notation, the complexity of Form 2 is a little higher than that of Form 1. Yet, as we shall see, the way of decomposition in (13) will be advantageous when it comes to receiver implementation.
C. Unitary and Invertible GFDM matrices
With the characteristic-matrix-domain implementation, we can also easily identify the class of unitary GFDM matrices as follows.
Theorem 1 (Unitary GFDM matrices): Let A be a GFDM matrix with a K × M characteristic matrix G. Then A is unitary if and only if G contains constant-magnitude entries:
An equivalent condition is that its phase-shifted characteristic matrixḠ as defined in (4) contains constant-magnitude entries:
Proof: By (12) 
Observing the result in Theorem 1, we call a prototype filter g a constant-magnitude-characteristic-matrix (CMCM) filter if the corresponding characteristic matrix contains constantmagnitude entries. We will show that CMCM filters are solutions to our several problems of minimizing the receiver MSE, and are an important class of filters for GFDM.
The following theorem expresses the conditions of the nonsingularity of a GFDM matrix A in terms of its characteristic matrix G and related properties. It will be very useful in our study on a GFDM receiver later.
Theorem 2 (Properties of
A −1 ): Let A be a GFDM matrix with a K × M characteristic matrix G. Then (a) A
is invertible if and only if G has no zero entries. (b) If A is invertible, then A
−H is also a GFDM matrix whose characteristic matrix H satisfies
(c) If A is invertible, the squared norm of each row of A 
That is, A −H is a GFDM matrix whose characteristic matrix H satisfies (14) . (c) The result follows from (b) and Lemma 2.
In [5] , the authors have applied the results from Gabor analysis [36] , [37] to the GFDM framework to obtain a similar statement in Theorem 2(b), with their expressions in terms of DZT [37] . Meanwhile, Theorem 2(c), implies that the ZF receiver over the AWGN channel would enhance the noise component by a factor of ξ H , so ξ H is also called the noise enhancement factor (NEF) [3] .
III. IMPLEMENTATION OF GFDM RECEIVERS
In this section, we complete our description of the GFDM system model in Fig. 1 , and propose a new form of lowcomplexity implementation of ZF and MMSE receivers, namely, the characteristic-matrix-domain implementation.
As in Fig. 1 , we assume that transmission through a wireless channel is modeled as . We assume that channel order is not exceeding the CP length, that is, c[n] = 0 for all n such that n < 0 or n > L. It is well-known that the transfer function from the transmitted block x[l] to the received block y[l] be
where C, the channel circular convolution matrix [3] , is equal to
Since there is no inter-block interference, we omit the index "[l]" in most parts of the following developments for notational brevity. Note that since a circulant matrix can be diagonalized by the DFT matrix, we have
From (8) and (17) we can express the received block in terms of the source data symbol as
The receiver is responsible for estimating the transmitted data symbol vector d given the received block y, i.e, obtaining the estimated data symbol vectord. Then the demapper makes a hard decision on the symbols ind and demapsd into the vectorŝ containing N -valued symbols. In the literature,ˆd . . . several standard types of receivers have been discussed [3] , [5] , under various criterion. They include matched filter (MF) receiver, zero-forcing (ZF) receiver, and linear minimum mean square error (MMSE) receiver. Note that when unitary GFDM transmitter matrices are used, the MF receiver is equivalent to the ZF receiver. We study ZF and MMSE receivers in this paper.
A. ZF Receivers
In the ZF receiver, the demodulator B ZF is formulated as a GFDM receiver matrix A −1 multiplied by an equalizer C −1 . The estimated data symbol vector iŝ
Note that the ZF receiver exists when both A and C are invertible. Using Theorem 2(b), the matrix A −1 is just a Hermitian transpose of another GFDM matrix. Combined with the fact that C is diagonalizable by W D , a low-complexity implementation (at the order of O(KM log KM )) for a ZF receiver is readily available. An example design is depicted in Figure 4 , which is basically the reverse operation of Figure 3 . Here the coefficients F k and H are chosen as
•−H .) . Combined with (12) and (13), Theorem 2(b) implies the ZF receiver Form-1 implementation (20) where D G = diag(vec(G)), and the ZF receiver Form-2 implementation
whereD G = diag(vec(Ḡ)). Though the complexity of both forms is in O(KM log KM ), Form-2 is in general of lower complexity due to the cancellation of the DFT and IDFT matrices. The block diagram of Form-2 is shown in Fig. 4 ,
Yet, under the special case of the AWGN channel, Form-1 implementation is advantageous since it is simplified to
as in Fig. 5 . In addition, it is proposed in [7] , [34] that the estimated data symbols for the kth subcarrier in the ZF receiver are given bŷ
where h f is the ZF frequency-domain prototype receive filter. The complexity is O(L R KM + KM log KM ), where L R ≤ K is the number of subcarriers spanned by the prototype receive filter. This complexity is often higher than the corresponding transmitter complexity since L R > L T [3] . The worst-case complexity is O(K 2 M + KM log KM ).
B. Low-complexity MMSE receiver
For an MMSE receiver, the existence of a low-complexity implementation has not been well studied before except in the case of an AWGN channel. An MMSE receiver for (18) can be modeled as [8] 
where γ = E S /N 0 is the symbol-energy-to-noise ratio (SNR), andd
When both A and C are invertible, it further reduces to [5] 
Either (24) or (26) involves inversion of a matrix that is not a GFDM matrix. So Theorem 2 does not apply here to reduce the implementation complexity. A direct implementation of (26) would require a complexity of O(K 3 M 3 ) and is usually not a desired solution.
The frequency-domain implementation proposed in [7] , [34] , as mentioned in (23), can be used under the special case of the AWGN channel. The MMSE receiver can be implemented as [7] 
whereh f is the MMSE frequency-domain prototype receive filter. However, it is not applicable to the MMSE receiver in general since (24) cannot be simplified to the form in (23) . We propose to use the structure depicted in Figure 4 in our study of a potential MMSE receiver, where coefficients F k and entries of H are to be designed. The following theorem gives the necessary and sufficient conditions on which an MMSE receiver can be implemented with such a form.
Theorem 3: Let C be a KM × KM nonsingular circulant matrix, A be a nonsingular GFDM matrix with a K × M characteristic matrix G, and γ be a positive real number. Then, there exist KM ×KM nonsingular diagonal matrices D 1 , D 2 such that the matrix
if and only if at least one of the following conditions is satisfied:
2) All eigenvalues of C have the same absolute values.
Using (13), we have
where E is defined as
with
T , where λ 0 , λ 1 , . . . , λ D−1 are the eigenvalues of C. By (30) 
Moreover, rank(F) = 1 only if at least one of the two sets {v C1 , v C2 } and {v G1 , v G2 } are linearly dependent, which can be proved by, for example, Sylvester's law of nullity [39] .
When C in Theorem 3 are the channel circulant matrix, the eigenvalues of C are exactly C 0 , C 1 , . . . , C D−1 . In most cases, |C l | would not be a constant ∀ l, except the special case of the AWGN channel. Under the AWGN channel, the MMSE receiver can be implemented as in Fig. 4 , with
This is not surprising since by setting C = I D in (26) and using Theorem 2(b)
For the more practical case of |C l | not a constant ∀ l, Theorem 3 implies that the necessary and sufficient condition for a low-complexity MMSE receiver implementation in the form of Fig. 4 is to use a CMCM filter. That is, we need a unitary GFDM matrix up to a scale factor, in view of Theorem 1. In this case, each |[G] k,m | 2 equals the energy ξ G of A, and we have the Form-2 implementation of the MMSE receiver as in Fig. 4, with F 
This motivates us to use CMCM filters instead of other filters such as the RC and RRC filters.
C. Approximate MMSE receivers
If both conditions in Theorem 3 are not satisfied, then rank(F) = 2, and an exact MMSE receiver is not able to implemented as in Fig. 4 . In this case, we propose to use an approximated MMSE receiver based on the same structure. One possible method is to use the low-rank approximation that minimizes the Frobenius norm
. By performing the singular value decomposition (SVD) of F, we obtain
where σ 1 is the largest singular value, σ 2 is the other nonzero singular value, u n = v n = 1, n = 1, 2 and u
The complexity of computing the SVD of the rank-2 matrix F is O(KM ) [40] , so the overall complexity of the receiver is still O(KM log KM ), which is as low as OFDM. Moreover, we will show by simulation that this approximated MMSE receiver has good MSE and SER performance. Note that Theorem 3 does not dictate nonexistence of a low-complexity MMSE receiver; it just says an MMSE receiver cannot be implemented in the form in Figure  4 . Whether an exact MMSE receiver can be implemented with low complexity is still an open question.
As a summary for this section, a low-complexity MMSE receiver implementation exists in an AWGN channel (as have been known). A less known condition for existence of lowcomplexity MMSE receiver implementation is to employ a unitary GFDM matrix. If one chooses not to use a unitary GFDM matrix in the system, the approximated MMSE receiver can be used for a low-complexity implementation with a satisfactory performance.
IV. PROTOTYPE FILTER DESIGN
In this section, we study the prototype filter design problem for GFDM systems in terms of minimizing the receiver mean square error (MSE). In the literature [3] - [5] , [7] - [33] , many prototype transmit filters, including the RC, RRC, Xia, Dirichlet and Gaussian pulses, have been proposed and used for GFDM systems. However, many of these filters were chosen solely for the sake of reducing out-of-band radiation performance. Degradation in MSE and SER performance in GFDM systems have been found with use of these filters except for the Dirichlet pulse.
We propose in this section to approach the prototype filter design problem by first minimizing the receiver MSE before taking into account the OOB radiation performance. Due to the one-to-one correspondence between the prototype transmit filter g and the characteristic matrix G in (5), the design of the characteristic matrix is essentially equivalent to prototype filter design. We tackle the problem mainly from the point of view of the characteristic matrix, which leads to much insight. We will find that constant-magnitude-characteristicmatrix (CMCM) filters minimize MSE under almost all scenarios elaborated later.
A formal definition of the receiver MSE is given below. Denote the error variance on the kth subcarrier and mth subsymbol after demodulation as
for k = 0, 1, . . . , K − 1 and m = 0, 1, . . . , M − 1, whered is defined as in (19) if the ZF receiver is used, or as in (25) if the MMSE receiver is used. The expectation is taken on the distributions of both the noise and channel. Define the receiver MSE σ 2 as
Our goal is to find the best characteristic matrices of a GFDM matrix that lead to a minimum receiver MSE under various scenarios.
A. Problem Statement
Consider a GFDM system with prototype transmit filter g and transmitter matrix A whose characteristic matrix and energy are a K × M matrix G and ξ G , respectively. Note that ξ G = g 2 by Lemma 2. Let D = KM . Then we intend to study the four problems: given a fixed ξ G , what prototype transmit filter g minimizes the MSE σ 2 as defined in (36) under 1) the ZF receiver over the AWGN channel; 2) the ZF receiver over (statistical) LTI channels; 3) the MMSE receiver over the AWGN channel; 4) the MMSE receiver over (statistical) LTI channels;
B. Optimization Results for ZF Receivers
To solve the problems, we give a theorem regarding the energy of the GFDM matrices for the transmitter and the ZF receiver.
Theorem 4: Let A be an invertible GFDM matrix with a K × M characteristic matrix G and energy ξ G . Let H and ξ H be the characteristic matrix and the energy of A −H , respectively. Then
The equality holds if and only if
In other words, A has a CMCM prototype transmit filter. Proof: Let D = KM . By Theorem 2(b), we have
Then by the Cauchy-Schwarz inequality, we have
where the equality holds if and only if
Then from (38) and (39), we obtain
Using Theorem 4, the solutions to Problems 1 and 2 are identified in the following corollaries, with some additional requirements introduced for Problem 2.
Corollary 1: (a) Under the ZF receiver over the AWGN channel, a prototype transmit filter g minimizes MSE σ 2 if and only if it is a CMCM filter. The corresponding minimum MSE is σ Note that in Corollary 1(b) (i.e., solution to Problem 2), we require E{1/|C l | 2 } to be finite ∀ 0 ≤ l < D. This is a necessary condition for the receiver MSE to be also finite, and is an inherent limitation of an ZF receiver. Besides, we require them to be a constant so that there is still some sort of symmetry as we move from the AWGN channel to statistical channels. This latter requirement is practical since many real channels have identically distributed C l , ∀ 0 ≤ l < D.
After considering the statistical case for Problem 2, we now turn to the static case. That is, we consider deterministic frequency-selective channel, or a slow fading channel such that obtaining perfect channel state information at the transmitter is practical. In this case, we give the solution as follows.
Theorem 5: Under the ZF receiver over a (static) frequencyselective channel C l , a prototype transmit filter g minimizes MSE σ 2 as defined in (36) if and only if all
The proposed filters in Theorem 5 are optimal in terms of minimizing MSE, but they are not as applicable to modern wireless communications as the CMCM filters derived under statistical channels in Corollary 1(b).
C. Optimization Results for MMSE Receivers
The solution to Problem 3 is given by the following theorem, whose proof is similar to that of Theorem 4.
Theorem 6: Under the MMSE receiver over the AWGN channel, a prototype transmit filter g minimizes MSE σ 2 if and only if it is a CMCM filter. The corresponding minimum MSE is σ
Observing that the solutions to Problems 1, 2 and 3 are all the class of CMCM filters, we make the following conjecture that the solution to Problem 4, under the requirement of identically distributed C l , ∀ 0 ≤ l < D (for the sake of symmetry again), is also CMCM filter.
Hypothesis 1: Under the MMSE receiver over any statistical channel such that the channel frequency response C l are identically distributed ∀ 0 ≤ l < D, a prototype transmit filter g minimizes MSE σ 2 if and only if it is a CMCM filter. The corresponding minimum MSE is σ
Note that in Hypothesis 1 we do not require each E{1/|C l | 2 } to be finite as the MMSE receiver does not suffer from this limitation. While a mathematical proof for Hypothesis 1 is not available at this point of time, numerical results as will be shown in Section VI verify that this hypothesis tends to be correct.
Recall that by Theorem 1, the class of CMCM filters with normalization correspond exactly to the class of unitary GFDM matrices. Thus, the results in Corollary 1, Theorem 6 and Hypothesis 1 are intuitive. Besides, they again suggest us to use CMCM filters instead of other filters such as the RC and RRC filters.
The solutions to all of the four problems provide criteria for the prototype transmit filter g to minimize MSE under various types of channels and receivers. Since some degrees of freedom are still left in all the solutions, minimizing the OOB radiation with respect to g under the derived criteria can be future work.
D. Comparison of Prototype Filter Candidates
In view of the optimization results, we find it natural to categorize GFDM prototype filters into two classes. One is CMCM filters, which correspond to the class of unitary GFDM matrices (up to a scale factor), and the other is non-CMCM filters, which correspond to the class of non-unitary GFDM matrices. The former are advantageous in terms of minimizing the receiver MSE, while the latter suffer from the noise enhancement effect [5] , [10] , [27] .
The RC, RRC, Xia and Gaussian pulses fall into the class of non-CMCM filters. GFDM systems using these filters are found to be non-orthogonal [4] . That is, their corresponding GFDM matrices have a greater-than-unity condition number in general. Since most previous works adopt these filters, people tend to have the common impression that the noise enhancement effect is a drawback of GFDM.
In fact, GFDM matrices for the RC and RRC filters can be shown to be singular in some cases by using the following corollary. = 0 and using Theorem 2(a). See [35] for similar results.
Corollary 2 reveals the limitation on the RC and RRC filters, the mostly used prototype transmit filters in previous works [3] - [5] , [8] - [27] . Due to their even symmetry, i.e.,
[g] n = [g] D−n for n = 1, 2, . . . , D − 1, K and M being both even will cause A to be singular, leading to degradation of the MSE and SER performance. Thus, practically we cannot set D = KM as a power of 2 for GFDM systems using the RC and RRC filters. This constraint is observed by simulation in [16] , and is also proved in [5] , [35] . In contrast, as we shall see in simulation, if the prototype transmit filter is not even symmetric, K and M being both even does not prevent a GFDM system from exhibiting good MSE and SER performance. There is also no constraint on K and M in Theorem 1 for GFDM matrices to be unitary. This suggests us not to use an even-symmetric prototype filter.
The second class of prototype filters, the CMCM filters are less commonly seen in previous works. Yet, their existence implies that the noise enhancement effect is not always a problem of GFDM.
As a simple example of CMCM filters, consider the GFDM matrix whose phase-shifted characteristic matrixḠ satisfies
The corresponding frequency-domain prototype filter is
In fact, it is a frequency-shifted version of the Dirichlet pulse [4] . The Dirichlet pulse is defined by a perfect rect function in the frequency domain with the width of M frequency bins that are located around the DC bin 1 . That is, the frequency-domain 1 Although this definition is only clear for an odd M , we give a reasonable extension for an even M . prototype filter is
It is also a CMCM filter, and its corresponding GFDM matrix is unitary, as the following corollary shows.
Corollary 3:
The GFDM matrix for the Dirichlet pulse is unitary.
Proof: By Lemma 1(b) and (44), we can derive that the phase-shifted characteristic matrixḠ satisfies ∀ 0 ≤ k < K,
for the Dirichlet pulse. Thus it is a CMCM filter, and by Theorem 1, the corresponding GFDM matrix is unitary.
The two versions of the Dirichlet pulse are essentially equivalent. Though the frequency-shifted version is more elegant in terms of the phase-shifted characteristic matrix, its passband is not centered at the DC bin, making the definitions of in-band and out-of-band weird. Thus we will use the original version in simulations.
As another example of CMCM filters, we propose the modified Dirichlet pulse, defined by the frequency response
The phase-shifted characteristic matrixḠ for this filter satisfies
∀ 0 ≤ k < K, so it is a CMCM filter. Later we will explain why the modified Dirichlet pulse may have lower OOB radiation than the Dirichlet pulse and verify this fact by simulation.
The absolute values of entries of characteristic matrices for the RC filter with a roll-off factor α = 0.7, the Dirichlet pulse and the modified Dirichlet pulse are compared in Fig. 6 . Note the zero for the RC filter (which makes the corresponding GFDM matrix singular). On the other hand, the other two enjoy constant magnitudes in the characteristic matrix, making both of them unitary.
V. POWER SPECTRAL DENSITY AND OUT-OF-BAND RADIATION
Up to this point, we have focused on the MSE and SER performance of GFDM systems. Yet, as we shall see in simulation, among our derived MMSE prototype filters, there do exist some that exhibit low OOB radiation, which is a main advantage proposed for GFDM.
Therefore, in this section, which serves an aid to simulation later, we define the OOB leakage O as a performance measure for the OOB radiation of transmit signals. To evaluate the OOB leakage for GFDM, we first address the power spectral density (PSD) of GFDM signals. We will derive an analytical PSD expression encompassing an interpolation filter used in a digital-to-analog (DAC) converter. This approach conforms to the practical realization of modern digital-signal-processingbased communication systems. The GFDM digital baseband transmit signal x[n] is described as in (9) . The analog baseband transmit signal x a (t) is obtained by passing x[n] through a DAC converter with a sampling interval T s and an interpolation filter p(t), i.e.,
The PSD of x a (t) is defined as [41] S a (f ) = lim
Let P (f ) = 
We derive and propose that when L = 0, G m (e jω ) can be expressed as
where g f is the frequency-domain prototype transmit filter, and
is the periodic sinc function. Plugging (51) into (50), we can express the PSD with g f , which makes it possible to design the PSD in terms of the D samples of the frequency-domain prototype transmit filter. At this point, we can explain why the modified Dirichlet pulse exhibit lower OOB radiation than the Dirichlet pulse. By taking the absolute value of (51) and setting m = 0, we obtain
Since sinc D (x) alternates between positive and negative values as it crosses nonzero integer multiples of 2π/D, sinc D (x) + e jφ sinc D (x−2π/D) with φ = π can be viewed as the extreme case of "constructive interference" for their tails. Thus, by introducing the factor e jπl/D as in (46), the modified Dirichlet pulse exhibit lower OOB radiation than the Dirichlet pulse under the scenario that the 0th subsymbol is used as a guard symbol. That is, we allocate as much OOB energy as possible on the subsymbol we discard.
To characterize the OOB radiation, we define the OOB leakage as
which is similar to the definition in [4] . In (54), B I and B O are the set of frequencies that are considered in-band and out of band, respectively, and |B I | and |B O | denote the lengths of the corresponding intervals. Recall that K is the set of subcarriers actually used. The nominal frequencies of the subcarriers in K lie in B I , several guard carriers are used between B I and B O , and B O is reserved for the use of other users. Finally, notice the use of M and K in (9) . That is, we may use some guard symbols or guard carriers. GFDM is proposed to exhibit low OOB radiation. This advantage is especially significant if some guard symbols and guard carriers are used [4] . However, the effects of nulling some data symbols on the MSE or SER performance are not addressed in previous works. To justify this disregard, we give the following corollary. Proof: See Appendix D.
The main idea of the proof is that the equal-norm property in Theorem 2(c) implies equal noise enhancement for each subcarrier and subsymbol. These results imply that we can just null the data symbols leading to the highest OOB radiation without considering the MSE performance of each subcarrier or subsymbol, as we will do in the following simulation.
VI. SIMULATION RESULTS
In this section, we give numerical examples to compare the derived optimal prototype transmit filters, especially the CMCM filters, with the conventional RC and RRC filters, in terms of receiver MSE, SER and OOB radiation. 
A. MSE and SER Performance
The MSE and SER performance is evaluated through Monte-Carlo simulation with 10000 blocks for each prototype filter under each of the following six cases: 1) ZF-DFERF: the ZF receiver over a deep-fade-excluded Rayleigh fading channel; 2) MMSE-RF: the MMSE receiver over the Rayleigh fading channel. The modulation is 16QAM, the symbol energy is E S = 1, and the energy of the GFDM transmitter matrices is ξ G = 1. The CP length is L = D/4. We use K = 8, M = 4 or 5 for GFDM, and K = 32 or 40, M = 1 for OFDM so that the block sizes of GFDM and OFDM are equal. Note that OFDM is a special case of GFDM using a rectangular window as the prototype transmit filter. The prototype transmit filters used for GFDM include a RC filter with roll-off factor α = 0.7 and a RRC filter with roll-off factor α = 1. Besides, CMCM filters 1 and 2 with characteristic matrices G 1 and G 2 , respectively, are used for all cases except ZF-FS. The phases ∠G 1 and ∠G 2 are arbitrarily chosen. For systems with K = 8, M = 4, ∠G 1 and ∠G 2 are set as 
In this case, since both K and M are even, the GFDM matrix for an RC filter is singular and thus a ZF receiver does not exist. We use instead the pseudo-inverse of the GFDM matrix for the RC filters. For systems with K = 8, M = 5, ∠G 1 and ∠G 2 are set as 
As for Case ZF-FS, we also use two filters proposed as in Theorem 5, with the phases of the characteristic matrices ∠G 1 and ∠G 2 again arbitrarily chosen as in (55) and (56) for the case of K = 8, M = 4. Fig. 7 shows the simulation results under statistical channels. We first consider the case K = 8, M = 5. Fig. 7a verifies the MMSE property of CMCM filters under the ZF receiver over the deep-fade-excluded Rayleigh fading channel, as stated in Corollary 1(b). The CMCM filters are better than the RC filter, and essentially the same as OFDM in terms of MSE performance. The corresponding SERs are shown in Fig. 7b , and we see that the CMCM filters are generally better than the RC filter, and better than OFDM in the higher SNR region in terms of SER performance, which can be explained by the effect of a orthogonal precoder on OFDM [42] . Turning to the case K = 8, M = 4, we see similar results in Fig. 7c and 7d, yet with an observation that the RC filter performs even Fig.  7e and 7f for the case of the MMSE receiver over the Rayleigh fading channel. Meanwhile, the MSEs of the CMCM filters correspond to the hypothetical minimum MSE in Hypothesis 1. These imply that Hypothesis 1 tends to be correct.
The performance of our proposed low-complexity approximated MMSE receiver is investigated in Fig. 8 . In Fig. 8a and 8b, only one MSE curve and one SER curve are shown for both the AMMSE and MMSE receivers when the CMCM filter is used. This is because the AMMSE and MMSE receivers for a CMCM filter are the same in view of Theorem 3. On the other hand, MSE and SER performance degrades due to approximation for the RC and RRC filters, especially the RRC filter. In this case, ξ H = 1, 1.08 and 1.25 for the CMCM, RC and RRC filters, respectively. Meanwhile, Fig. 8c shows the expected values of the smaller nonzero singular value σ 2 in (34) for the various filters. The results imply that the more non-uniform |[G] k,l |, ∀ 0 ≤ k < K, 0 ≤ l < M are, the more errors are incurred in the process of approximation. However, Fig. 8b shows that the SER degradation is not so much for all the used filters, and these AMMSE receivers enjoy significant performance improvement over their ZF receiver counterparts. Besides, the MMSE receivers for the RC and RRC filter are of impractical complexity O(K 3 M 3 ), whereas the AMMSE receivers are of complexity O(KM log KM ). These show that the proposed AMMSE receiver is a good compromise between complexity and SER performance. (MSEs of ZF receivers are not shown in Fig. 8a since they are infinite.) Fig. 9 shows the simulation results under static channels. The first four curves (ZF receiver) in Fig. 9a show that the CMCM filters are better than the RC filter, and essentially the same as OFDM in terms of MSE performance. It verifies that the CMCM filters are the prototype filters that minimize receiver MSE under the ZF receiver over the AWGN channel, as stated in Corollary 1(a). Similar results can be observed for the last four curves (MMSE receiver). It verifies that the CMCM filters are the prototype filters that minimize receiver MSE under the MMSE receiver over the AWGN channel, as stated in Theorem 6. Fig. 9b verifies the MMSE property of the proposed filters under the ZF receiver over (static) frequencyselective channels as stated in Theorem 5. The corresponding SERs are shown in Fig. 9c , and we see that the SERs of the proposed filters are much better than both the RC filter and OFDM in the higher SNR region in terms of SER performance. The advantages of the proposed filters come from its use of channel state information at the transmitter. 
B. OOB Leakage
The PSD of GFDM and OFDM signals is simulated, and the OOB leakage is evaluated according to (54). The average in-band PSD is normalized to one. Our simulation parameters basically follow [4] . The modulation is 16QAM. We use K = 128, M = 15 for GFDM, and K = 128, M = 1 for OFDM. A RC filter with roll-off factor 0.5, the Dirichlet pulse [4] , and the modified Dirichlet pulse defined in (46) are used for GFDM, and the 0th subsymbol is used as a guard symbol. The number of guard carriers used between B I and B O is N gc = 1 or 6. The CP length is L = 0 or 16. The interpolation filter is a sample-level RC filter with roll-off factor α = 0.1, and the sampling rate is 1/T s = 1.92 MHz.
The OOB leakage of GFDM and OFDM systems is compared, as given in Tab. I and II, using the simulated PSD shown in Fig. 10 . As shown in Tab. I, when no CP is used, the Dirichlet pulse, which is optimal in terms of minimizing MSE, outperforms OFDM by more than 20 dB, and has OOB leakage comparable to the RC filter. Besides, the OOB leakage of our proposed modified Dirichlet pulse is even lower than the Dirichlet pulse, which suggests the possibility of further minimizing the OOB leakage with respect to the prototype transmit filter under the derived MMSE criterion in the future. Similar results can be observed when a CP of length 16 is used, as shown in Tab. II.
Observing the simulation results of the CMCM, RC and RRC filters, we would like to study the trade-off between the OOB leakage and the MSE or SER performance in the future. For instance, we may optimize the OOB leakage with respect to the prototype transmit filter under the constraint that the magnitude of each entry in the characteristic matrix should be in the range [1/η, η] for some η > 1.
VII. CONCLUSIONS
A new matrix-based characterization of GFDM systems is proposed, which helps to derive properties of GFDM (transmitter) matrices not easily obtained by the traditional prototype-filter point of view. The class of unitary GFDM matrices is identified through the matrix characterization, and conditions on non-singularity of GFDM matrices can be expressed clearly with the new characterization. Moreover, lowcomplexity transceiver implementation is derived based on the characteristic matrix. Particularly, we derive the conditions on the existence of a form of low-complexity MMSE receivers, and find that such a receiver exists if and only if the GFDM transmitter matrix is chosen to be unitary or the channel is AWGN. In the case of a non-unitary GFDM matrix and a non-AWGN channel, a low-complexity suboptimal MMSE receiver is also proposed with a performance very close to that of an MMSE receiver, as shown by numerical results. Besides, we derive that prototype transmit filters minimizing MSE under the ZF or MMSE receiver over various types of channels correspond to the class of constant-magnitudecharacteristic-matrix (CMCM) filters, which correspond to scalar multiples of unitary GFDM matrices. Simulation verifies the MSE optimality for CMCM filters and shows their good SER performance compared to non-CMCM filters. It is worthy to note that a GFDM system with K, M being both even integers (so that D being a power of 2), which has been deliberately avoided in the literature when the RC and RRC filters are used, is actually practical, as long as the GFDM characteristic matrix is chosen not to contain any zero entries. Lastly, we show by simulation that our proposed modified Dirichlet pulse, which is a CMCM filter, has OOB leakage lower than the Dirichlet pulse and comparable to the RC filter. This motivates us to further minimize the OOB leakage with respect to the prototype transmit filter under the derived MMSE criterion as future work.
APPENDIX A PROOF OF COROLLARY 1(B)
It can be shown [3] that the error variance at the ZF receiver over a channel with frequency response C l is
where h (k,m) f is the D-point DFT of the (k + mK)th column of (A −1 ) H . We can also show that
where h f = h (0,0) f . Plugging (60) into (59) and taking the expectation, we obtain
Thus we have
Then the result follows from Theorem 4.
APPENDIX B PROOF OF THEOREM 5
With (60) and Lemma 1(b), we express (59) as 
Introducing l = l + rM , and using (36) and (14), we obtain
